Paramagnetic impurities in a quantum spin-liquid can result in Kondo effects with highly unusual properties. We have studied the effect of locally exchange-coupling a paramagnetic impurity with the spin-1 2 honeycomb Kitaev model in its gapless spin-liquid phase. The (impurity) scaling equations are found to be insensitive to the sign of the coupling. The weak and strong coupling fixed points are stable, with the latter corresponding to a noninteracting vacancy and an interacting, spin-1 defect for the antiferromagnetic and ferromagnetic cases respectively. The ground state in the strong coupling limit in both cases has a nontrivial topology associated with a finite Z2 flux at the impurity site. For the antiferromagnetic case, this result can be obtained straightforwardly owing to the integrability of the Kitaev model with a vacancy. The strong-coupling limit of the ferromagnetic case is however nonintegrable, and we address this problem through exact-diagonalization calculations with finite Kitaev fragments. Our exact diagonalization calculations indicate that that the weak to strong coupling transition and the topological phase transition occur rather close to each other and are possibly coincident. We also find an intriguing similarity between the magnetic response of the defect and the impurity susceptibility in the two-channel Kondo problem.
I. INTRODUCTION
A study of disorder in condensed matter systems is useful from two perspectives. Disorder is inherent in most condensed matter systems and often has profound effects on their properties. Incorporation of small amounts of paramagnetic impurities in a metallic host can result in the Kondo effect which gives the well-known logarithmic temperature dependence of the resistivity upon cooling, and eventually crosses over to a Fermi-liquid regime with a characteristic low energy scale, the Kondo temperature. Conversely, impurities at low concentrations can act as a probe providing specific signatures of the environment they exist in. From the latter perspective, the Kondo effect is a set of signatures of certain low-energy excitations of the host lacking long-range magnetic order. For instance, exotic Kondo effects are known to arise in itinerant electron magnets near criticality [1] [2] [3] and in insulating quantum spin-liquid systems [4] [5] [6] owing to the paramagnons and spinonic excitations respectively.
A study of impurity effects in the spin-1 2 honeycomb Kitaev model 7 is very appealing in this context. This Kitaev model is integrable and the ground state can be either a gapless or gapped quantum (Z 2 ) spin-liquid with extremely short-ranged spin correlations. 8 The elementary excitations are not spin-1 bosons that one typically expects for magnetic systems in two dimensions and higher, but emergent dispersing Majorana fermions (spinons) and Z 2 vortices (π−flux excitations associated with spins at the vertices of the hexagonal plaquettes) which in the gapless phase are known to be non-Abelian anyons. 7 Experimental realization looks increasingly imminent with several interesting proposals to realize Kitaev physics in two-dimensional quantum-compass materials such as the alkali iridates 9 and ruthenium trichloride, 34 and independently in cold-atom optical lattices.
10
Introducing a paramagnetic impurity into the model through local exchange-coupling of the impurity spin with a host (Kitaev) spin results in a highly unusual Kondo effect 11 owing to the peculiar elementary excitations in the host. For an S = 1/2 Kitaev model with an energy scale J coupled locally to a spin-S impurity, the perturbative scaling equations for the impurity coupling K turn out to be independent of its sign, with an intermediate coupling unstable fixed point |K| ∼ J/S separating weak and strong coupling regimes. Such scaling differs qualitatively from the Kondo effect in metals (and graphene, 12 ) where a nontrivial effect is seen only for antiferromagnetic coupling, but is similar to the Kondo scaling reported for paramagnetic impurities in certain pseudogapped bosonic spin-liquids. 6 The distinguishing feature of the Kitaev-Kondo problem is that the weak and strong coupling limits correspond to different topologies of the ground state.
11
Despite the insensitivity of the scaling equations to the sign of impurity coupling, the strong coupling limits for K > 0 and K < 0 are very different physically. In the antiferromagnetic case (K > 0), the strong-coupling limit for an S = 1/2 impurity spin corresponds to a spin singlet at the impurity site -equivalent to the Kitaev model with a missing site, which is an integrable model. In the ferromagnetic case, the strong-coupling limit corresponds to a non-integrable problem where one of the sites has S = 1, while the rest have S = 1/2.
The problem of missing sites (spinless vacancies) in the Kitaev model has received much attention in recent times. It was independently reported in Ref. 11 and Ref. 13 that the ground state of the Kitaev model with a missing site is associated with a finite Z 2 flux through the defect. That would not be the case, for example in graphene, where although the Dirac fermions have the same dispersion as the emergent Majorana fermions in the Kitaev model, the phases of the intersite hopping matrix elements in graphene are identical for every bond and do not change upon the creation of defects. In contrast, the phases of the intersite hopping elements of the Majorana fermions in the Kitaev model are a degree of freedom and can take values 0 or π. For the missing site problem, the magnetic susceptibility is predicted 13, 15 to have logarithmic singularities both as a function of the magnetic field as well as the temperature. Some of the singularities in magnetic susceptibility reported in Refs. 13 and 15 are reminiscent of the two-channel Kondo problem, and we shall later discuss a connection between such singularities and the presence of bound, zero energy Majorana fermions in the Kitaev model with a vacancy 11 as well as in the two-channel Kondo model.
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Vacancy induced spin textures have also been studied by exact diagonalization 14 of finite clusters of up to 24 spins described by more general (and nonintegrable) KitaevHeisenberg models in the presence of a small magnetic field. In Ref. 14, it was reported that a vacancy induces longer ranged spin-spin correlations that extend beyond the single bond correlations one has in the defect-free Kitaev model. 8 The low-energy properties of the Kitaev model with a random and dilute concentration of vacancies are also quite interesting. Such rare but locally singular perturbations are predicted to result in qualitatively different low-energy properties compared to that expected for Gaussian white noise type disorder.
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In contrast to the understanding we currently have on the effects of single and multiple vacancies in the Kitaev model, much less is known about the effect of spinful defects where the defect site has a different spin from the host sites. Part of the reason is that while the vacancy problem is integrable and affords a simplification of a difficult problem where interactions and disorder are both present, the problem with an S = 1 defect cannot be reduced to a noninteracting one. Some progress was made in Ref. 11 where it was explicitly demostrated that the ground states of both the vacancy as well as S = 1 defect problems have a two-fold degeneracy. However, it could not be established whether the S = 1 defect was also associated with a finite Z 2 flux that is the case when a vacancy is present. It was also not demonstrated whether the strong coupling fixed points were indeed stable. The stability is an important issue, for otherwise one would expect new intermediate coupling stable fixed points and not only would our understanding of the Kondo effect in the Kitaev model be incomplete, but also the paramagnetic impurity route for generating vacancies and spinful defects would no longer be appropriate. The latter issue is of interest from a practical point of view too since it would make it possible to generate nonabelian anyons conveniently using a spin-polarized STM tip to bind a Kitaev spin ferromagnetically or antiferromagnetically. It is also not clear whether the topological transition and the magnetic transitions are coincident or occur at the same value of the impurity coupling strength.
In this paper we address these open questions and make the following new findings. We demonstrate the stability of the strong coupling limit demonstrated for the ferromagnetic and antiferromagnetic cases which implies stability of the spin-0 vacancies and spin-1 defects created through this route. We perform exact diagonalization calculations for a finite fragment of the Kitaev model coupled to a paramagnetic impurity and show that while for weak impurity coupling, the ground state corresponds to zero Z 2 flux at the impurity site, for strong coupling, the ground state has a finite flux irrespective of the sign of impurity coupling. For the value of impurity coupling that corresponds to this topological transition, we also observe the total spin at the impurity site going to zero or one depending on the sign of coupling -this establishes that the the topological as well as the weak coupling to strong coupling transitions occur very close to each other and possibly at the same point. As a corollary, we find that the ground state with a spin-1 defect corresponds to a finite flux at the defect site. Finally, we report an intriguing connection between the susceptibilities of a vacancy in the Kitaev model and of the magnetic impurity in a two-channel Kondo model. The rest of the paper is organized as follows. Sec.II provides a brief introduction to the honeycomb spin- 1 2 Kitaev model. In Sec.III we study the effect of coupling an external paramagnetic impurity to the Kitaev host through a local exchange coupling. A poor man's scaling analysis of the impurity coupling reveals an unstable fixed point separating the weak and strong-coupling regimes. The stability if the strong coupling fixed point is demonstrated for both ferromagnetic and antiferromagnetic impurity couplings. It is also shown that the strong and weak coupling limits correspond to different topology of the ground state. New conserved quantities are identified which are composite operators of an impurity spin component and two Kitaev flux operators. Sec.IV contains the result of exact diagonalization calculations of finite Kitaev fragments coupled to external spins. The key findings in this section are (a)establishing that a finite Z 2 flux is associated with the ground state of the spin− 
II. THE SPIN-1/2 KITAEV MODEL ON THE HONEYCOMB LATTICE
Kitaev's spin- The Hamiltonian for this model is given by
where the three bonds at each site (see Fig.1 ) are labeled as x, y and z. The model is exactly solavable. As was shown by Kitaev, the flux operators W p = σ The free Majorana fermion hopping Hamiltonian can be diagonalized in momentum space by defining the Bravais lattice with a two-point basis (Fig.1 ). In momentum space,
, where a 0 is the nearest neighbor spin distance. The eigenstates are a q,0 =c q,A +c q,B e −iα(q) and a q,1 = c q,A −c q,B e −iα(q) , with α(q) being the phase of f (q).
The Kitaev model has gapless excitations for a region of parameter space where J α 's satisfy the triangle inequalities |J x | + |J y | ≥ |J z | etc. and a gapped spectrum outside this parameter regime. The gapless phase has a point Fermi surface where ǫ(k F ) = 0 and ǫ(q) has a linear dispersion around k F (Fig.1) . For simplicity, we will assume J x = J y = J z = J for further analysis. For this case, the Fermi points are at (±4π/3 √ 3a 0 , 0).
The ground state of the Kitaev model is a quantum spin liquid with only nearest neighbor spin-spin correlations. 8 On an α−bond, only σ
is non zero and other two spin correlations are zero. Four spin bondbond correlations are long-ranged with power-law decay in the gapless phase of the Kitaev model.
III. TOPOLOGICAL KONDO EFFECT
Consider a spin S impurity locally exchange-coupled to a host (Kitaev) spin at an A site (r = 0):
We perform a poor man's scaling analysis 17, 18 for the Kondo coupling K to study the screening of the impurity spin by the host excitations. To study the system properties at low temperatures, we can compute the effective Hamiltonian for a reduced bandwidth for the fermionic excitations (−D + δD to D − δD) by integrating out the excitations in the band edges ((−D to − D + δD) and (D to D − δD)). This process is successively repeated to get a scaling law for the coupling constants in the Hamiltonian. We consider the Lippmann-Schwinger expansion for the T −matrix element, Ω,
. making a perturbation expansion T = T (1) + T (2) + · · · in increasing powers of K and following its variation as a function of the decrease of the bandwidth (−D, D), we find that the first correction to the bare T −matrix comes from two third order terms (see Fig. 2 ). The contribution from on-site scattering (Fig.2a) is
Here ρ(D) is the density of states at the band edge, a is the lattice constant and
Similarly, the contribution from Fig. 2(b) is
Adding the two contributions (taking E ≃ 0), 
Here we have taken E, ǫ q,α ≪ D, J and neglected them. If either the impurity is a S = 1 2 spin, or the Kondo interaction is rotationally symmetric, the above contribution renormalizes the Kondo coupling constant. However for S = 1 2 with anisotropic coupling, new terms are generated and one needs to go to higher order diagrams to obtain the scaling of these new coupling terms. For S = 1/2 or for symmetric impurity coupling we thus have
Just as for the Kondo effect in graphene 12 , owing to the change in the density of states with bandwidth (here ρ(ǫ) = (1/2πv 2 F )|ǫ| ≡ C|ǫ|), we also need to consider the change in K due to the rescaling done in order to keep the total number of states fixed. This gives a contribu-
. In addition, as we shall scale the bandwidth D to smaller values, the second term in Eq. 7 may be dropped. Thus
Thus, as we decrease the bandwidth by integrating out the high energy excitations, the effective coupling K has an unstable fixed point at K c = J/[2a 2 ρ(D)S(S + 1)]; or in other words, K c ∼ J/S 2 a 2 CD ∼ J/S. Here we used D J and C ∼ 1/(Ja) 2 . Clearly for K > K c , the coupling flows to infinity independent of the nature of coupling (ferromagnetic or antiferromagnetic), while for K < K c , the coupling flows to zero. For anisotropic Kondo coupling we can show
The two-parameter Kondo flow is therefore given by
A comparison of the Kondo effect in graphene 12 , a bosonic spin bath 6 and the Kitaev model are shown in Table I .
A. Stability of strong coupling point
The poor man's scaling analysis is only valid for small Kondo couplings as the perturbation theory breaks down much before the critical value of the coupling. While we have shown that the coupling flows to larger values above the critical value K c , it remains to be seen whether there is any other fixed point beyond K c but less than the ∞. Below we study the model in the strong coupling limit and see if it is a stable fixed point. In the strong coupling limit, K is the largest energy scale and the impurity spins forms a singlet/triplet with the Kitaev spin at origin.
We consider the Hamiltonian such that the Kondo term and the Kitaev model with one spin missing (H K− ) constitute the unperturbed Hamiltonian and Kitaev coupling to the site at origin is the perturbation:
For antiferromagnetic Kondo coupling (K > 0), the ground state consists of a Kondo singlet of S and σ 0 and the Kitaev model with one spin missing. The perturbation term causes transitions from singlet to triplet states of the Kondo singlet. We use effective Hamiltonian scheme 20 to include the effects of the perturbation terms within the projected ground state subspace.
where Q is chosen such that the terms which take us out of the reduced Hilbert space are canceled order by order. This gives the reduced Hamiltonian as
where α, β belong to the ground state manifold and γ belongs to excited state manifold. The eigenstates of the Kondo term are singlet |s and triplet states |t, (0, ±1) :
Here ↑ refers to the Kitaev spin and ⇑ refers to the impurity spin state.
Antiferromagnetic Kondo coupling
For the antiferromagnetic Kondo coupling case, ground state is the singlet state. As s|V |s = 0, H 1 = 0 and
Here, K − denotes the eigenstates of the Kitaev model with the spin at origin missing. Since change in energy of the Kitaev state is ∼ J ≪ K, we ignore their contribution in the energy denominators of the perturbation term. The matrix elements of H 2 are then
Here, in σ α α , the subscript α refers to a neighoring site of the origin in the direction of the α−bond. Thus, in the antiferromagnetic coupling case, the Kondo singlet decouples from the rest of the Kitaev model and a small interaction (J 2 /K ≪ J) is generated between the Kitaev spin at the origin and the sins at the three neighboring sites in the second order perturbation. The strong coupling fixed point is thus a stable fixed point and is equivalent to the Kitaev model with one site missing.
Ferromagnetic Kondo coupling
In the ferromagnetic Kondo coupling case, the triplet states form the ground state manifold. We perform de- generate perturbation theory to get the effective Hamiltonian:
If we calculate the matrix elements of t ′ |σ α 0 |t , these matrices are just the spin−1 matrices: 
where S 0 represents the spin-1 at the origin. Thus for ferromagnetic impurity coupling, the new terms which couple the triplet and the rest of the Kitaev model are similar to the original Kitaev coupling and of the same strength. We get a Kitaev-like model with a spin−1 at the origin and spin−1/2 elsewhere. Here the Kondo triplet does not decouple from rest of the Kitaev model in the strong coupling limit and does not lend itself to a simple treatment, unlike the corresponding antiferromagnetic case.
B. Topological transition
A remarkable property of the Kondo effect in Kitaev model is that the unstable fixed point is associated with a topological transition from the zero flux state to a finite flux state. The strong antiferromagnetic coupling limit amounts to studying the Kitaev model with a missing site or cutting the three bonds linking this site to the neighbors. It was shown in Kitaev's original paper 7 that such states with an odd number of cuts are associated with a finite flux, and also that these vortices are associated with unpaired Majorana fermions and have non-abelian statistics under exchange. It has also been shown numerically for the gapless phase 13 that the ground state of the Kitaev model with one spin missing has a finite flux pinned to the defect site. We argue the existence of a localized zero energy Majorana mode from the degeneracy of the ground state in presence of impurity spin and elucidate on the nature of this zero mode.
For the Hamiltonian H = H 0 + V K , the three plaquettes W 1 , W 2 and W 3 (Fig. 3 ) that touch the impurity site are no longer associated with conserved flux operators, while the flux operators that do not include the origin remain conserved. The three plaquette operator W 0 = W 1 W 2 W 3 is still conserved and W 0 = 1 in the ground state of the unperturbed Kitaev model.
We now define composite operators τ
are the Pauli spin matrices corresponding to the impurity). Remarkably, these composite operators represent conserved quantities for arbitrary values of the impurity coupling. The τ α 's do not commute with each other and instead obey an SU (2) algebra, [τ α , τ β ] = 2iǫ αβγ τ γ . This SU (2) symmetry, which is exact for all couplings is realized in the spin-1/2 representation (τ α ) 2 = 1 . Clearly, all eigenstates, including the ground state are doubly degenerate (corresponding to τ z = ±1), and this applies also to the strong coupling limit.
In the strong antiferromagnetic coupling limit J K → ∞, the low energy states will be the ones in which the spin at the origin forms a singlet |0 with the impurity spin, |ψ = |ψK − ⊗ |0 . Here |ψK − represents the low energy states of the Kitaev model with the spin at the origin removed. To see the action of the SU (2) symmetry generators on these states, we note that they can be written as τ α =W α ⊗σ α 0 ⊗S α andW α do not involve the components of the spin at the origin, σ α 0 . We then have τ α |ψ = −(W α |ψK − ) ⊗ |0 . So, in the strong coupling limit, the symmetry generators act non-trivially only in the Kitaev model sector, implying that the low energy states of the Kitaev model with one spin removed are all doubly degenerate, with the double degeneracy emerging from the Kitaev sector. This is also true for the zeroenergy mode in the single particle spectrum: the two degenerate states correspond to the zero mode being occupied or unoccupied. Let us examine the structure of the zero mode. Removing a Kitaev spin creates three unpaired b−Majorana fermions at the neighboring sites, say, b For the ferromagnetic case, while the strong coupling limit also leads to a model with doubly-degenerate levels, we are unable to explicitly identify a zero energy unpaired Majorana fermion and not address the question as to whether a nontrivial Z 2 flux can be associated with closed paths enclosing the S = 1 defect. For this purpoose, we perform a numerical exact diagonalization analysis below.
IV. NUMERICAL STUDIES
We have used a modified Lanczos algorithm to calculate the ground state properties of a finite Kitaev fragment exchange-coupled to an external S = 1/2 impurity spin as discussed in the previous sections.
For the antiferromagnetic case, where we already know that the strong-coupling limit K/J → ∞ is associated with a nontrivial flux W 0 = −1 at the defect site, an exact-diagonalization calculation with a fragment as small as three hexagons (open boundary conditions, impurity spin coupled to central site) is sufficient to confirm W 0 = −1. Figure 4 shows the expectation value of the flux operator W and total spin S T ot = S + s i as a function of the impurity coupling K. It is seen that the W 0 = 1 for K = 0 (i.e in the pure Kitaev case) as it should be, since the ground state of Kitaev model is flux free, whereas it changes to -1 as K is increased, implying a finite Z 2 flux at the origin. Within numerical accuracy, it also appears that the topological transition from W 0 = 1 to W 0 = −1 practically occurs at the same value of K at which a bound singlet state is formed between the impurity spin and the Kitaev host. For negative values of K for this three-hexagon fragment, W 0 appears to stay close to one implying a flux-free state even as the total spin at the defect site begins approaching S = 1. We suspect this anomalous result is not generally true for larger fragments and may have originated from the presence of a large number of boundary spins that interact with the central spin. We thus performed exactdiagonalization calculations with a larger fragment with six hexagons (open boundary conditions, impurity spin coupled to central site). As we increase the ferromagnetic impurity coupling, we clearly observe the W 0 = 1 to W 0 = −1 topological transition. Once again, the topological phase transition and the magnetic transition (at which the total spin at the defect site becomes S = 1, are practically coincident.
V. TWO-CHANNEL KONDO BEHAVIOR
In Ref. 13 , the temperature and magnetic field dependences of the magnetic susceptibility of the Kitaev model with a missing site were obtained as χ imp (T ) ∼ ln(1/T ) and χ imp (h) ∼ ln(1/h), respectively, which bears striking resemblance to the low-temperature impurity susceptibility in the two-channel Kondo model 32, 33 . This is not a mere coincidence. In the two-channel Kondo problem, it is long known 16 that the low energy physics is described by a model of a localized, zero energy Majorana fermion interacting with a band of dispersing Majorana fermions with a finite density of states at the Fermi energy. Likewise, in the Kitaev model with a missing site, we can clearly identify a localized zero energy Majorana b−fermion coexisting with dispersing Majorana c−fermions with a nonvanishing density of states 13 at zero energy. A nonvanishing density of states for the dispersing Majoranas is a very unusual result for a honeycomb lattice, and is associated with the fact that the missing site is associated with a finite Z 2 flux. If one instead estimates the density of states for the dispersing fermions in the absence of a π−flux, the density of states would vanish 13 
where (iν n − ǫ k ) −1 and 1/iν n are respectively the Green functions of the dispersing and the (zero-energy) localized Majorana fermions and we used the fact that the density of states of the dispersing Majorana fermions does not vanish at zero energy. For finite fields h in the low temperature limit, the logarithmic divergence of Eq.29 gets cut off by the field, and one obtains χ imp (h) ∼ ln(1/h). For the ground state entropy, one notes that the dispersing Majorana fermions have zero entropy at T = 0 while the localized zero energy Majorana fermion has a finite entropy S = (1/2) ln (2) . This again agrees with the two-channel Kondo result.
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VI. DISCUSSION
In summary, we showed that the problem of spinless and spinful defects in the honeycomb S = 1/2 Kitaev model can be approached from a more general "Kondo perspective" of local exchange coupling of external paramagnetic impurities with a host spin. On one hand, such an approach gives us a new class of Kondo effects where the magnetic binding-unbinding transition is accompanied by a change of topology of the ground state. On the other hand, some intriguing recent observations, such as logarithmic singularities in the magnetic response of Kitaev models with vacancies, are now recognizable as familiar Kondo stories -in this case, we note a remarkable similarity with the two-channel Kondo problem. It would be interesting to study a lattice of vacancies in the Kitaev model from the perspective of a two-channel Kondo lattice. One would like to better understand the Kitaev model with a S = 1 defect. This nonintegrable nature of this problem prevents us from repeating the kind of analysis one could make for the vacancy case where similarity with the two-channel Kondo problem was observed. Our numerical approach, based on exact diagonalization calculations of relatively small fragments, cannot answer questions such as the density of states of low energy excitations. Another direction for future study would be to consider a more general Kitaev-Heisenberg model and track the Kondo effect as a function of the relative strengths of Kitaev and Kondo interactions. This should give insights into magnetic impurity response in Kitaev candidate materials where Kitaev and Heisenberg interactions are believed to compete with each other.
